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Abstract – The design method to develop model 
reference adaptive control (MRAC) for non linear 
plant is presented in this paper. The reference model 
of the MRAC is derived from stabilized linearization 
of non linear plant. The method has been effectively 
verified by simulation on non linear inverted 
pendulum model. The simulation experience has 
proved that full-state feedback control could not 
stabilize the inverted pendulum except for system 
starting from zero initial condition and no 
disturbance. The MRAC has been successful control 
non linear inverted pendulum for any bounded initial 
condition. The MRAC has also maintained the system 
performance for any change and/or non-exact values 
of plant parameter. In other words, MRAC can still 
provide satisfied control signal if the mass of 
pendulum stick and body changes, and/or the viscous 
coefficient of the pendulum is not exactly known.  
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I. INTRODUCTION 
 
1.1. Non Linear Control Systems 
Nonlinearity is one of the problems that are 
interested to investigate in control system 
theory and application. Linear control has 
been proved could control the system when 
system variables entering nonlinear domain 
of the system. For examples, linear state-
feedback control could not control non linear 
inverted pendulum when initial states 
starting from outside the original points. This 
fact has been proved in this research [1].  
Model reference adaptive control has been 
provide accepted technique to control system 
with input saturation [2] and nonlinear 
system with pure-feedback [3]. This works 
proposed a methodology to design MRAC 
adaptive control for non linear plant 
(inverted pendulum) with uncertain 
parameter. 
1.2. Model Reference Adaptive Control 
MRAC could be designed using two 
approaches, Gradient Method and Lyapunov 
Theory [4, 5]. This work uses Second 
Method because its simplicity design using 
state-space equation model of the system as 
follow: 
BuAx
dt
dx
+=   (1) 
If the system is not stable or its performance 
is bad, then a model reference as in (2) is 
determined to force plant as in (1) to follow 
excellent performance and behavior of the 
model reference.  
REFmmm
m uBxA
dt
dx +=    (2) 
General form the linear controller is  
LxMuu REF -=  
[ ] [ ]TmmmTm LM +++== lqqqqqq 2121 ,,...,       (3) 
In this case, m = number of input variables, 
and l = number of state variables. Then error 
equation and its derivative are derived as 
follow:
REFmmm
m
m
uBxABuAx
dt
dx
dt
dx
dt
de
xxe
+-+=-=
-=
  (4) 
By adding and subtracting with Amx on the 
right-side of (4) then  
REFmmm uBBMxBLAAeAdt
de
)()( -+--+=
)(
))(())((
oqqy
qq
-+=
-+-+=
eA
uBMBxAAeA
m
REFcmcm  (5) 
To obtain equality equations, it is assumed 
that condition for exact model between 
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process model and reference model has been 
fulfilled. To derive parameter adaptation 
rules, Lyapunov function is introduced in the 
following: 
))()((
2
1),( oo qqqqgq --+= TT PeeeV    (6)  
Matrix P is positive-definite. Function V is  
positive-definite function. To prove that V in 
(6) is a Lyapunov function, then total 
derivative of V as a function of time is 
calculated as follow. 
dt
d
PeQee
dt
dV TTT qqqyqqg
g
)()(
2
oo -+-+-=    
 ÷
ø
ö
ç
è
æ +-+-= Pe
dt
d
Qee TT y
q
qq
g
)(
2
o   (7) 
Matrix Q is positive-definite as  
QPAPA mm -=+   (8) 
Remember again Lyapunov Theorem that 
one could find matrix P and Q positive-
definite if matrix Am is a stable matrix. If 
adaptation rule of control parameters is 
selected as  
Pe
dt
d Tgy
q
-=   (9a) 
Where ? is vector with components (?1, ?2, 
…, ?n , ?n+l ), then  
Qee
dt
dV T
2
g
-=    (9b) 
(Note: n-order system will have n+l  
adaptable control parameters of ?). 
 
 
II. DESIGN METHOD 
 
The design procedure to derive model 
reference adaptive controller is in the 
following: 
1. Linearized the non linear plant. If it is 
not stable, use pole assignment technique 
to stabilize it. Select poles so that it can 
improve system performance. 
2. Stabilized linear model is then selected 
as model reference for MRAC. 
3. Determine controller structure according 
to the system order. 
4. Derive controller parameters adaptation 
rule using Lyapunov Theory according to 
linearized model obtained in point 1. 
5. Establish MRAC using block obtained in 
Point 2, Point 3, and Point 4.  
6. Verify the MRAC into non linear model 
of the plant using computer simulation. 
 
 
Fig.1. Architecture of the MRAC for fourth-order 
non linear plant. 
 
 
III. DESIGN CASE ON NON LINEAR 
INVERTED PENDULUM PLANT 
 
Design case with non linear model of 
inverted pendulum is selected here to 
observe how model reference adaptive 
control works effectively. The non linear 
mathematical model of the inverted 
pendulum is in the following [6]: 
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The equation (10) is linearized, and its linear 
state-space model is   
Controller 
parameters 
x1, x2,  
x3,   x4 
uREF, reference 
q1 q2  q3  q4 q5 
e1, e2, e3, e4 
xm1, xm2, xm3, xm4 Model Reference 
(Am, Bm,  
Cm, Dm) 
Non Linear 
Model of the 
Plant 
Controller with 
Adaptable 
Parameter 
Static 
Actuator 
Model 
Adaptation  
Mechanism 
Actuated control 
signal, Fu 
Control 
signal, u 
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State-space equation model above is not 
stable. By choosing fixed controller gain K 
[ ]4321 kkkkK =  (11b) 
Then the selected model-reference is  
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Reference model is obtained from stabilized 
linear model in (11). Stabilization is 
undertaken by assigning stable poles and 
feed back state variables with gain K. 
Adaptive control variable and adaptable 
control parameters according to (3) is 
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And then: 
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By augmenting both equation (15a) and 
(15b) then equation (16) is obtained.  
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Extracting again (16) by replacing vector q 
with vector (q – q0), where q0 is convergent 
values of q. Then (17) is obtained.  
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or in the form of 
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qq  (18) 
Error derivative equation from (5) has been 
modified to be  
ameAdt
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Y+÷
ø
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o
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And by derive Lyapunov function candidate 
(6) and its derivative (7), then from 
parameter adaptation rule equation (9a), 
equation (20) is obtained. The right-side of 
(17) will be eliminated after derivation about 
controller parameter because it has no 
controller parameters in it. 
Matrix P is a positive-definite matrix 
obtained as in (8). Therefore, adaptation rule 
of controller parameters is at last presented 
in equation (20). It looks in (20) that no more 
plant parameters. Thus, control law is 
independent on plant parameters. 
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Or by combining both matrix above then 
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IV.  STABILITY ANALYSIS 
 
This section will propose an approach to 
analyze system stability. By substituting 
control variable in linearized model of the 
plant using (13a) then (21) is obtained. (22a) 
and (22b) are obtained by substituting M and 
L with controller parameters. 
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Broadly viewing the system as a linear 
system in (23a), it looks that the system 
consists of thee main blocks comprising 
states assumed as state variables. Firstly, 
model reference block with state variables 
xm1,  xm2, xm3, and xm4. Secondly, linearized 
inverted pendulum block with state variable 
x1, x2,  x3, and x4. And the last linearized 
adaptation mechanism block with state 
variables, controller parameters q1, q2, q3, q4, 
and q5. 
Equation (23a) is obtained by linearizing 
(20b) and (22b) about the origin except for 
points x10=d, dan xm10=dm, and points q10=q1, 
q20=q2, q30=q3, q40=q4, and q50=q5. By 
combining both equation with (11a) then 
integrated state-space equation of the overall 
system is obtained (23a and 23bb). 
State-space equation in (23a) is unique. In 
the matrix, there are parameters that are 
change in time and not fixed, i.e. equilibrium 
points: d1, dm1, q1, q2, q3, q4, and q5. 
However, while system is working, those 
equilibrium points will move in bounded 
areas as long as the system is stable. This is a 
special characteristic of the matrix. The 
stability of the model reference adaptive 
control depends on those equilibrium points 
and the equilibrium points would be in 
bounded areas if and only if the system is 
stable.   
Another terms that affect the system stability 
is the elements of vector K, i.e., k1, k2, k3 and  
k4, as well as the elements of matrix P, i.e., 
p3, p4, p6, p7, p8, p9 and p10. The elements of  
P depends on the elements of K. Vector K 
contains parameters that are established from 
stabilizing the linear model of the plant using 
pole assignment technique. This vector 
affects the form of selected model reference. 
Thus the stability of the system also depends 
on selected model reference. Experince in 
this research exhibits that not all model 
reference forms could guarantee the system 
stability. Model reference that is not selected 
wisely according to linear model of the plant 
will make system become unstable. 
Stability analysis based on equation (23a) is 
not discussed in detail. This research focuses 
only on design methodology of using model 
reference adaptive control for non linear 
plant with uncertain parameters. However, 
above description will help to overview 
overall system and parameters that affect the 
system stability.  
 
 
V. SIMULATION RESULTS 
 
This section exhibits simulation results of 
designed MRAC using different plant 
parameters. This simulation uses initial 
condition x2(0)=0.1 rad with adaptation gain 
g=6. Two sets of plant parameters are 
selected in this works. They are:  
1. Set 1 where M=1 kg, m=0.1 kg, g=9.8 
m/sec2, l=1 m.  
2. Set 2 where M=1 kg, m=0.3 kg, g=9.8 
m/sec2, l=1.2 m.  
Simulation results of all state variables using 
Set 1 and Set 2 are shown in Figure 5 and 
Figure 7 respectively.  
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Fig.5. State variable responses with plant 
parameters: M=1 kg, m=0.1 kg, g=9.8 
m/sec2, l=1 m, and g=6, x2(0)=0.1 rad. 
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Fig.6. Controller parameter responses with plant 
parameters: M=1 kg, m=0.1 kg,  g=9.8 
m/det2, l=1 m. g=6. x2(0)=0.1 rad. 
And Figure 6 and 8 respectively exhibit the 
controller parameters responses of the 
system with parameter Set 1 and Set 2. 
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Fig.8. State variable responses with plant 
parameters: M=1 kg, m=0.3 kg, g=9.8 
m/sec2, l =1.2 m. g=6, x2(0)=0.1 rad. 
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Fig.9. Controller parameter responses with plant 
parameters: M=1 kg, m=0.3 kg, g=9.8 
m/sec2, l=1.2 m. g=6, x2(0)=0.1 rad. 
 
 
VI. CONCLUSION 
 
The MRAC has been designed and 
successfully control non linear inverted 
pendulum for any bounded initial condition. 
The MRAC has also maintained the system 
performance for any change and/or non-
exact values of plant parameter. In other 
words, MRAC can still provide satisfied 
control signal if the mass of pendulum stick 
and body changes, and/or the viscous 
coefficient of the pendulum is not exactly 
known.  
In the future, this works would investigate 
the potentials of using digital device to 
implement MRAC. Programmable device 
such FPGA has a good potential to realize 
adaptive control [7]. Application-specific 
integrated circuit (ASIC) or recently called 
Embedded System-on-a-chip (SoC) has also 
good potential to implement digital control 
especially to control electro-mechanical 
(mechatronics) system [8]. This approach 
simplifies system complexity to setup 
devices and instrumentations. Hopefully the 
implemented MRAC could be tested into 
real world control applications.  
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